Abstract. We show that, for supersingular prime p, the image of a unique meromorphic function Gp on X 0 (p) (of the degree two, with the polar divisor
INTRODUCTION
Let R p denote a fundamental domain of Γ 0 (p) which for p ≥ 3 is given as Here R is the standard quadrilateral fundamental domain for Γ = SL 2 Z in the upper half-plane H i.e. R = {τ ∈ H; |τ | ≥ 1, −1 ≤ Reτ ≤ 0} ∪ {τ ∈ H; |τ | > 1, 0 < Reτ < 1}
We choose the domain R p because the imaginary axis is its symmertry axis and this makes the visualization of the appropriate pairs of the Weierstrass points on X 0 (p) much easier. By P S we will denote the set of all supersingular primes {2, 3, 5, 7, 11, 13, 17, 19, 23, 29, 31, 41, 47, 59, 71}. They have the property that the genus of H * /Γ + 0 (p) is zero which implies that the modular curve X 0 (p) is hyperelliptic with the hyperelliptic involution given by the Friecke involution ω p = 0 1 −p 0 acting on the upper halfplane H (i.e. ω p = 1 √ p ω p = 0
The curve X 0 (37) is also hyperelliptic however, it was shown by Ogg in [1] , that its hyperelliptic involution v is an exceptional one i.e. it is not determine by ω p . We start with showing that, for any prime p ≥ 3, each stable point of ω p : X 0 (p) → X 0 (p) determines an ideal class κ in ClO K or in ClO K ∪ ClO (depending whether p is conguent to 1 or to 3 modulo 4 respectively, K = Q( √ −p)), and conversely, any such class κ determines a unique ramification point of π ω : X 0 (p) →Σ = X 0 (p)/ ω p . Hence, the class numbers and the Gauss conjecture restricted to primes may be expressed (see (5.4) ) in terms of the genus g of X 0 (p) and the genus γ of Σ using the Riemann-Hurwitz theorem. It makes possible to look for the properties of the class groups by investigating the properties of the ramification points of π ω on X 0 (p). When γ = 0, (i.e. when p ∈ P S ) then the curve X 0 (p) must carry a unique meromorphic function G p that is invariant under ω p , has polar divisor
and is normalized such that its lifting G p (τ ) to H has the coefficient by q −1 (in the Fourier expansion about i∞) equal to one. When X 0 (p) has genus zero itself then G p (τ ) is expressed in terms of the absolute invariant Φ p (τ ), (3.1), for Γ 0 (p). Next we use the Hecke operators [Γ 0 (p)ω p Γ] 0 , [2] , to transform the Γ + 0 (p)-invariant functions G p (τ ) into Γ-invariant functions P p (τ ). It appears that, up to a constant given by the value P p (ρ), functions j(τ ) and P p (τ ) coincide. Now, the construction of P p (τ ) out of G p (τ ) provides important relations between the coefficients c n of j(τ ) which are investigated in sections 3 and 4. It seems that all this leads to some group of hidden symetries whose order must be divided by p.
On the other hand, the fact that all c n 's are integers imply that for some supersingular primes p and for positive integers m / ∈ (p) we may have pure non-rational (p,m)-absolute constants. When Ω p n = Ω p m for m, n / ∈ (p), m = n than we may have an absolute (not rational) p-invariant. (When genus of X 0 (p) is zero than all Ω p n = 0.) We easily notice that when we consider relations between the coefficients for all singular primes simultaneously then the gigantic number of relations, their complexity and character as well as the relation (3.18) may indicate an occurrence of some vertex algebra.
At the end we list emerging open (to the author's knowledge) questions.
WEIERSTRASS POINTS AND CLASS GROUPS
Let p be an odd prime. For any τ ∈ H we denote by 
Moreover, all ideals a's with the property above which represent a given class κ are given by the elements τ 's which belong to a unique
Proof. We use the fact that the multiplicity of the class polynomial
is equal to one. The same is true when p = 3mod4 for
This means that for the (unique) reduced number u ∈ R representing a class κ there exists the unique correspondence α ∈ ∆ * p = p k=0 Γα k such that αu = u.
To prove our statement we must show that there exists a unique alement τ m =
The unique correspondence α ∈ ∆ * p such that αu 0 = u 0 is α = Sα 0 ∈ Γα 0 and we have τ 0 = β 0 u 0 ∈ R p . Similarly it is easy to see that the class in ClO K represented by [1, u 1 ] has the reduced number
For the remaining cases, let an ideal [1, u] with u ∈ R represent a class κ, let α = γα m for some m and for some γ ∈ Γ, be the unique correspondence such that αu = u.
Since the multiplicity of the class polynomials in G p (X) are equal to one all α j belong to distinct cosets of Γ in ∆ * p and hence there exists only one τ j such that α j ∈ Γα p i.e. there is unique τ j such that α j = γ −1 ω p for some γ ∈ Γ. This means that We must show that γ = a b c d is in fact an element of Γ 0 (p). However, from (2.4), τ j is a solution of paτ 2 + (pb + c)τ + d = 0. Since ideals [1, u] and [1, τ j ] belong to the same class κ we have that D(τ j ) is equal to −4p or to −p appropriately and this implies that γ ∈ Γ 0 (p). Hence, each class κ ∈ ClO K for p ≡ 1mod4 and each class κ ∈ ClO K ∪ ClO for p ≡ 3mod4 is associated to a unique point of X 0 (p) that is stable under ω p .
Corolarry 1.
There is a one-one correspondence between the set B p of the ramification points of the projection π ω : X 0 (p) → Σ ∼ = X 0 (p)/ ω p and the set of elements of ClO K for p ≡ 1mod4 or the set of elements of ClO K ∪ ClO when p ≡ 3mod4.
This means that, when a prime p belongs to P S , the number of elements in ClO K or in ClO K ∪ ClO is determined exactly by the number of the Weierstrass points of X 0 (p). For a general prime p it is described by the Riemann-Hurwitz theorem (when the genus of Σ is greater than zero). In other words we have
where h K = |ClO K |, h 2 = |ClO| and |S| denotes the cardinality of a set S. When the genus of Σ = H/Γ + 0 (p) is zero then the Riemann surface X 0 (p) is hyperelliptic with hyperelliptic involution corresponding to the Atkin-Lehner involution. Thus all points of B p are exactly the 2g + 2 Weierstrass points on this surface. A set of representatives of these points, for p ≥ 3 contains τ 0 , τ 1 and additional 2g points when the genus of X 0 (p) is g ≥ 1. We may choose these points as given by
and hence the reduced numbers associated to points of B p are given by
The genus of X 0 (P ) is zero for p = 2, 3, 5, 7, 13 and hence the set B p for these primes contains only two points:
] 0 } (with the reduced numbers i and i √ 2 respectively). For other primes in P S the elements τ 's representing the remaining 2g, ω p -stable points of X 0 (p), may be easily found using the formulae (2.6). It is easy to determine which of these τ 's represent an ideal class in Cl K and which represents a class of ClO. We collect some results for the odd primes p ∈ P S in the table above.
3. FUNCTION P p 3.1. A genus zero case. When p = 2, 3, 5, 7, 13 the genus of the modular curve X 0 (p) is zero and the rational function field C(X 0 (p)) is given by the absolute invariant [3] , and the series expansions of these functions at i∞ are: 
The lifting G p (τ ) of the function G p to H must satisfy
is an automorphic function of Γ + 0 (p). The polar divisor of G p tells us that the series expansion of its lifting G p (τ ) about i∞ is
where we have normalized G p (τ ) such that the coefficient by q −1 is one. We observe that the polar divisor of the function Φ p (τ ) + Φ p (ω p τ ) is the same as the polar divisor of G p (τ ) and hence (3.2), (3.3) and (3.5) imply that
Now, any Γ 0 (p)-automorphic function determines a Γ-automorphic function by applying an appropriate Hecke operator. In other words, we will define the function P p (τ ) ∈ A 0 (Γ) = C(j) as the image of G p (τ ) under the Hecke operator [2] (3.8)
where
We may rewrite the last formula as (3.10)
Using expansions (3.2) and (3.3) we obtain
where u p is the unique reduced number such that j( u p ) = −P p (ρ). Thus we have (3.12)
That means that the value of G p at any one point of the set of p points on X 0 (p) determined by {β k u p , k = −p+1 2 , . . . , p−1 2 } ⊂ R p is exactly the negative sum of the values of G p at the remaining points.
We observe that using (3.10) and (3.11) we may view the absolute Γ invariant j(τ ) on its standard fundamental domain R as given (up to the additive constant P p (ρ) = −j( u p )) by the value of G p (τ ) at τ ∈ R plus the fundamental symmetric function σ 1 (G p (γ 0 τ ), . . . , G p (γ p−1 τ )) of the values of G p (τ ) at all points that are Γ-equivalent to τ ∈ R but represent all the remaining, distinct Γ 0 (p)-classes.
3.2.
A genus g ≥ 1 case. We have already mentioned that when the genus of X 0 (p) is greater than two but the genus of X 0 (p)/ ω p is zero then X 0 (p) must be a hyperelliptic Riemann surface (we recall that any surface of genus two is already a hyperelliptic one). The set W p of 2g + 2 Weierstrass points of X 0 (p) coincides with the set B p of the stable points of ω p : X 0 (p) → X 0 (p) and with the set of elements of ClO K when p ≡ 1mod4 or with the set ClO K ∪ ClO when p ≡ 3mod4. Since we have found all Weierstrass points in the previous section we know that infinity is not one of them and hence we may introduce the function G p as follows. Let G p be a unique (up to multiplicative constant) a degree two meromorphic function on X 0 (p) satisfying the properties of the commutative Diag.1 and whose polar divisor is 
Similarly as in the genus zero case we use the Hecke operators
Similarly as before we will denote this image as P p (τ ). Thus we have
whose Fourier expansion around i∞ is
We see immediately that
There exists unique element u p in the fundamental domain R of Γ such that P p (ρ) = −j( u p ) and hence we may rewrite the last formula as
The first equality gives us
that is, the value of G p (τ ) at u p is equal to the negative sum of the values of G p (τ ) at the remaining points of R p − R that are Γ-equivalent to u p . Now, from (3.16) and (3.18) we obtain
c n q n and hence 
HIDDEN SYMMETRIES
In the previous section we have found some relations between the coefficients c n of j(τ ) (for n ≥ 1) and the coefficients α p n of the Γ + 0 (p) invariant functions G p (τ ), p ∈ P S . Namely, we have found that c n = α p n + pα p np . Suppose that we know all functions
we know all α p k 's). However, before we will investigate the consequences of these relations let us look at the pdecompositions of the positive integers for a fixed prime p. Let n = N i=0 a i p i ⇔ (a 0 , a 1 , . . . , a N , 0, . . .) with all coefficients a i ∈ {0, 1, . . . , p − 1}. On Z ≥0 we may define the following two operations F p and σ p as given by element c m . We may introduce the operation f p which corresponds to the operation F p as follows:
We see that for any p ∈ P S the coefficients of j(τ ) form some kind of a graded Z/pZ structure such that the operation f p produces an infinite, horizontal f p -sequences of coefficients whose all terms are determined by the first one. On the contrary to F p , the operation σ p does not induces any numerical formula between the coefficients c n and c σ(n) . However, when we write n = a 0 + m, a 0 = nmodp, we may introduce the formal operation σ p , σ p p = Id, wich produces the following "path" of the length p of infinite f p -sequences:
Since n = 0 does not generate an infinite F p -sequence, F p (0) = 0, the same is true for c 0 . This means that the role of the free coefficient c 0 in j(τ ) is a distinguished one. In fact, the earlier obtained relations
tell us about some connection between c 0 and the point τ = ρ ∈ H that is associated to each p ∈ P S . It also tells us about a connection between the whole function j(τ ) and the torus determined by the lattice L ρ . We have seen in [4] and [5] that this connection is very important and a.o. manifests itself by the production of a generating matrix for the binary error correcting Golay code G 24 out of the properties of the Veech modular curve
Summarizing, we see that while both operations F p and σ p on Z ≥0 are given by a concrete rules between integers, only the operation f p (inherited from F p ) is given by a concrete formula. Each p ∈ P S arranges the set {c n , n ≥ 0} as step, graded sequences whose all horizontal terms are uniquely determined by the first coefficient of the sequence, whose steps have lenght equal to p and (for a fixed p) are not related to each other by any numerical formula. Moreover, the coefficient c 0 possess a distinquish role in this presentation.
We have seen that for all primes p ∈ P S the image P p (τ ) of each G p (τ ) under the Hecke operator [Γ 0 (p)ω p Γ] 0 coincide with the sum of the absolute invariant j(τ ) and the value of the function P p (τ ) at the distinguish point ρ. This determines the unique point [
Moreover, for each such prime (and only for those primes) we may write the Klein modular function j(τ ) as
where σ 1 is the standard symmetric function of p variables. Let us rewrite the last formula (4.3) as follows
is a cyclic subgroup of p − points of the lattice [1, τ p ]. This illustrates the fact that the modular invariant j(τ ) has a hidden, p-cyclic symmetries wich are associated to the modular pairs (L τ p , C p ) stabilized by Γ 0 (p). So, the expression of the Klein modular function j(τ ) in terms of the Γ + 0 (p) invariant functions G p (τ ) using the appropriate Hecke operators [Γ 0 (p)ω p Γ] 0 exhibits a hidden p-cyclic symmetry which occurs in both, in the formula (4.4) and in the arrangement of the coefficients c n 's as p-step, graded sequences.
We notice that the formula (3.18) for P p (τ ) immediately relates this function to the denominator identities of the Monster Lie algebra discovered by Borcherds, [6] , and others. These facts together with the relations (obtained when we consider all p ∈ P S simultaneously) between the coefficients c n ∈ {f
for p = p 1 indicates that the representation of the full hidden symmetry of j(τ ) may be given by some sort of a vertex operator algebra.
CONCLUSIONS
In all three papers, in [4] , [5] and in the present one we observe a particular relationship between the modular curve Y 0 (1) = H/Γ and the curve E : t 2 = 4u 3 − 1 analytically isomorphic to the Veech modular curve
As we have already mentioned, the properties of the Veech modular curve T * produce a generating matrix for the Golay code G 24 whose full automorphism group is given by the Matieu group M 24 . Hence, M 24 must be a subgroup of the full group of hidden symmetries associated to the function j(τ ). In this paper we indicate that for each p ∈ P S function j(τ ) exhibits a hidden p-cyclic symmetry coming from the relations between j(τ ) and Γ and we have found a geometric interpretation of this fact given by the number of the ramification points of the projections π ω 's. Since in this case the whole class groups Cl K are the principal genus (which tends to be cyclic more often that not [8] ) we may approach the open question when Cl K is cyclic by looking for the properties of the ramification points of π ω on X 0 (p).
Finally let us list some questions (which may already have nice and simple answers)
• Find the values of P p (ρ) for p ∈ P S • Find u p ∈ R • Use the relations between the coefficients c n of j(τ ) and α p n of G p (τ ) for all p ∈ P S (determined in this paper) to find whether this leads to some vertex operator algebra.
• Find whether Ω • Find whether b n = 1 for n / ∈ (p) • Find when the class group Cl K , K = Q( √ −p), is a cyclic one using the properties of the stable points of ω p on X 0 (p).
• Express the class number h K for an arbitrary imaginary quadratic field K = Q( √ −N ), N > 0, using the Ogg's results and the Riemann-Hurwitz theorem for the appropriate projections and describe the group properties of Cl K using the properties of the ramification points (of these projections) on X 0 (N ).
